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The symmetry conditions of nonlinear spinor theory of elementary particles, i.e. the definitions
of quantum numbers, are given for the nonlinear spinor field functionals.

The operator equations of quantum theory can be replaced formally by functional equations of corre-
sponding Schwinger functionals 1-3. To give this formalism a physical and mathematical meaning one
has to develop a complete functional quantum theory as has been proposed in a preceding paper4. Then
the complete physical information has to be given by functional operations only. Especially the quantum
numbers of ordinary quantum theory have to be reproduced functionally. As the quantum numbers are
defined by the eigenvalues of the generators of the corresponding invariance groups, one has to investigate
these quantities in functional space. This is done in this paper. To have a definite model we consider the
nonlinear spinor field with noncanonical relativistic Heisenberg quantization the form invariance group
of which is the Poincare group. Although this model has still other symmetry properties we restrict
ourselves to the discussion of the quantum number conditions resulting from this group, as the consider-
ations for other groups and models are quite analogous.

1. Fundamentals

First we discuss the basic group theoretical assumptions of nonlinear spinor theory as far as they are
concerned with the Poincaré-group. For the other dynamical assumptions we refer to the literature 5 6.

a) In ordinary quantum theory with canonical quantization it is proven that the form invariance of the
dynamical equations against certain transformation groups causes the corresponding Hilbert space to be
a representation space of these groups. For noncanonical quantized theories this cannot be proven in
general but has to be postulated. The Poincare-group is a symmetry group in nonlinear spinor theory,
therefore we postulate a Hilbert-space of physical states being a representation space of this group, e.g.
we assume for any inhomogenous Lorentz transformation

x;‘:/l’,’,x,,—i—au (1.1)
a representation U in the corresponding Hilbert space of states with
lay = U(A,a)|a) and [0 =U|0) (1.2), (1.2a)
for the physical ground state |0).

b) Under an infinitesimal transformation, the state vector |a) undergoes the transformation
|a>’=(1—}—iekPk—{—f;——w“Mkl)la) (1.3)

where Py, My, are the infinitesimal generators of the transformations U (A, a).

1 J. SCHWINGER, Proc. Nat. Acad. Sci. 37, 452 [1951]. 5 W. HEISENBERG, An Introduction to the Unified Theory
2 D. Lurig, Particles and fields, Interscience Publ., New of Elementary Particles, Wiley and Sons, London 1967.
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They satisfy the commutation relations?
(M1, Pr]- = i(9ux Pn — gxn P1)

(M1, Mipnl- = — i (gkm Min — gim Min + gkn Mmi — gin Mimx) , [Pi, Pi]- =0 (1.4)
with goo = —g11 = —¢g22 = —gss =1, guw =0, v = u. The irreducible representations of any group are
characterized by the values of the invariant operators8. For the Poincaré group these invariants are

pP:=p,Pe, W=I,I" (1.5)
. 1
with Iy = 5, €uvos P? M2°

i.e. the irreducible representations of the Poincaré group are characterized by the mass- and the spinvalues.

c) For the definition of quantum numbers one choses a complete set of commuting operators, which
can be simultaneously diagonalized. It is convenient to choose the set {P2, W, P,, I's}. (Mass m, total
spin s, linear momentum p, spin direction s3).

Taking for |a) an eigenstate of these operators, we get:

P,la) =pylay, P2la)=m?|a), T, ,T4|a)=s(s+1)|a), T3|a)=s3|a). (1.6a—d)

d) According to the dynamical assumptions of nonlinear spinor theory the states |a) have to be char-
acterized by their projections on a set of base states constructed by the field operators of the theory.
This gives the set of functions5-6.

T(@1 ... 2n) 1 = 0| Ty, (21) ... Yy, () | @) (1.7)

%1 ... On
where yq () is assumed to be a Hermitean field operator with the transformation property 910
U-lyy(2') U = LE pp(A-1(x" —a)), U-ly*@)U=LGyb(A1(@ —a)). (1.8)
Observing that all finite transformations can be generated by infinitesimal ones and using the results of
App. I and App. II, we get the transformation properties of the functions (1.7):
cag)=LE .. L (A1 (xy — a) -+ A (zn — a)). (1.9)

a1 an A1 Bn

where the transformed function 7’ is defined with respect to |a)’ of (1.2).

2. Symmetry Conditions in Configuration Space

According to d) we have to formulate the symmetry-conditions (1.6a—d) for the projections (1.7).
Chosing |a) as an element of the canonical basis as in ¢), the following relations hold:

[_ZIPu(x,) — pulTa(@1...00) =0, (2.1a)

j= o1 xAn

[ Z (7)) ( z (25)) — m2] Ty (21 ... 20) =0, (2.1b)
9= j=1 o1 xAn

4—1"2 Euvga €47 0°¢" > PV (xg) D MeO(x5) D> Py (k) D Moo (1) — 8(s + 1)) T (1 ... 20) =0 } (2.1¢)
7 ) k l

1
[27 eavos >, P (xg) D Moo () — 83] Tn(®y...20) =0 (2.1d)
1) j 3%
with Py (x), M,s(x) acting in ordinary spinor space.

8 Yu. M. SHIROKOV, Soviet Physics-JETP (New York) 6, 9 H. StumeprF, Z. Naturforsch. 25a, 575 [1970].
33, 919, 929 [1958]. 10 H. P. DUrr and F. WAGNER, Nuovo Cim. 46, 223 [1966].
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Proof. From (1.8) we get, in the special case of pure translations for infinitesimal transformations,
U@) =1+ i1Pra,
[Puy(@)]- = — 1 uyp (@) = Pu(x)p (). (2.2)
For infinitesimal 4-rotations U(A) =1 + (¢/2) a#* My, , L(A) =1 — (i/2) a® X}, with X, = — (1/47)
* [yuy»], we get from (1.8)
My, p(@)] — [Zuy + 1/i (— 240y + 2y )] 9 (2) = My (2) 9 () - (2.3)
From (1.6a) we get
Pul0| T 9o, (%1) -« Y, (%) | @) = O] Ty, (1) ... L, () Pula) . (2.4)

Applying (2.2) and taking into account that ZPu (%) commutes with the time ordering operator 7'
(see App. IT) yields:

3 Pul@i) O] T, (1) . i (2n) [ = <O| Ty, (21) .. Yy (@) Pu | @) (2.5)
Combination of (2.4) and (2.5) gives (2.1a).

Applying this procedure once more yields (2.1b).
To prove (2.1c) we observe

s(s + 1) Tp(@1... 20) = 0| Ty, (1) ... Yo, (@a) Ty T#|a)

= 0| T'yy, (#1) - .- Y, (%) Z;l,;z" Eurgs €€ 9" P MO Py My 5 |a@) (26)
Z M 4y (z;) commutes with the time-ordering operator 7' (see App. IT). Then the same procedure leading
[
to (2.5) yields:

8(8 + 1) Ta(@1 ... 2n) = [4—:"—2 Eures 0TS Pr(ai) S Moo (2)'S Py () S Mg (1) Ta (@1 .. 2n)  (2.7)

a1 on i ] k l 231 on
e. (2.1¢).
Applying the same considerations to I's yields (2.1d).

3. Symmetry Conditions in Functional Space

¥t is convenient and for a thorough investigation necessary to describe the set of functions (1.11) by
functionals. They are defined by

TG [Or:i= 5 oo [T 2a) @) ... @a) das ... deg [0 = : |TG)) 3.1)
n=0 o1

On

where |0)F is the functional groundstate?.
For the sources the following commutation relations are assumed?

[ (), Jor ()] = [ (@), O (@)]+ = 0, [fu(2), ¥ (@)]+ = 0F O (x — ). (32)
Additionally we require:

z)|0>r=0. (3.3)
The transformation properties of the sources are assumed to be?®
V1ju(@) V = Lija(A71 (x' — a)), V(") V = LGjs(A71 (2" — a)) . (3:4)

Together with (1.9) and the invariance of |0>f under transformations in functional space this causes for
the field functional (3.1) the transformation property :

() |0>r = VI () |0>r (3.5)

i.e. T(j) |0 transforms as a state in functional space.
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To transfer the symmetry conditions (2.1a—d) in functional space we observe under the assumption
(3.3) the following relation to hold

| ju () g (@) 0% () |2 (j)) = § *::: | i g(x5) Tn (@1 ... 2p) J (1) ... j* (g) A2y ... A2y |ODF.  (3.6)
n=0 j=1 o %n
Defining now the operators

Bi: = [ja(@) Pr(x) *(@)de, Mir:= [ju(@) M (x) 0% (x) de (3.8)

1
and &4 = ”27 ghveo %p ﬂneg (39)

where m is the eigenvalue of P2 it can be shown easily that the symmetry conditions (2.7) to (2.10) go
over into the conditions

Be|TGY =pe|TGY,  BTGD =m2|ZT()), (3.10), (3.11)
Gu®#|ZTG) =s(+1)[TG>,  Gs|TG) =s3|T()D, (3.12), (3.13)

(3.10) to (3.13) are the general symmetry conditions in functional space. For any calculational process
of functional eigenstates in nonlinear spinor theory these symmetry conditions have to be satisfied in
order to define a complete set of quantum numbers. For practical calculations however the conditions
(3.10) to (3.13) can be simplified considerably if one uses the rest frame of the entire system. To evaluate
this in detail we observe the relations (1.4) to be valid in any representation of the Lorentz group. -y
this it can be easily proven, using (2.5) and the corresponding relation for Mjy; together with (3.6), that

[(Mzz, Bal- [T G)> = 1(gn B — g B) [TG) (3.14)

[Bn, Bs1- [TG)> =0 (3.15)

is valid, too. These relations can be used to simplify the conditions (3.10) to (3.13) in the rest frame.
There we have

Po TG =m|TG)>,  Be|TEH>=0 (3.16), (3.17
and by applying (3.14), (3.15), (3.16), (3.17) equation (3.12) goes over into
®u G4 T () = (M35 + MGy + M) | TG = s(s + 1) [TG) (3.18)
while (3.13) becomes
Mz [T () = s3|T(G)) - (3.19)

Now the symmetry conditions (3.16), (3.17), (3.18), (3.19) are very simple ones. They have been reduced
to a nonrelativistic problem, which can be solved by standard methods.

We are intebted to the Ministerium fiir Bildung und Wissenschaft for having supported this work.

Appendix I

In this appendix we discuss the possibility to assume a transformation property like (1.9) for classical
spinor functions. This question is not trivial in so far, as classical spinor functions are known only for free
fields, whereas no classical solution for any nonlinear equation has been found. To proceed we assume a
classical spinor function fy () which transforms according to

fol@’) = L(A) fs(Az + a). (L.1)
To show the selfconsistence of (I.1) we perform a Fourier-Transformation

ful@) = [etP7 [, (p)dp. (L2)
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This integral over the total Lorentzspace can be lorentzinvariant decomposed in to

fa(@) = [P fa(p)dp + [eiPea(p) dp (L3)

where L, allows only p-vectors with — p2 + po = m2 = 0, whereas Lg allows only space like vectors p
with — p2 + po2 = — m?2 < 0. Then the integrals in (I.3) can be decomposed further to give

sz e=iv7 f,(p) dp = r dm_ L dpexp{F i pr £ i pot} fa(p, m) T pz)l,z , (L4)

and fe pra ydp = | dm fdpo fd.Qexp{Iszrj:zpot}fa (9, Po) (L.5)

0

Now a thorough study of the Dirac equation shows, that it can be solved equally well for imaginary
masses and allows a set of fundamental solutions for different spin. The only difference to the case of real
mass is the different transformation property of the scalar product which is not invariant against time
reflections. Ignoring for the moment this drawback, which possibly could have a deeper meaning for
the interaction, we are able to evaluate (1.4), (I.5) by means of eigensolutions of the Dirac equation.

- o 2
[e-irz fy (p)dp = fdm fexp{i pr—ipot} > by(p, m)war (p, m)dp
Lz

r=1

Jdm feXP{—err@pot}Zdr p, m) vg" (p, m) dp (L6)
0 R3 n=1
and

fe—ipz}a( dp = tdm ‘dpo ‘dQexp{zpr—zpot}Zkr b, po) uz, (P, po)

Lr — o0 r=1

I fdm |dp0 [dQexp{—ipr+ipot} Zkr P, po) za (P, Po) (L.7)

— oo r=1

as any component of the spectral decomposition transforms like (I.1). (I.1) itself is a selfconsistent as-
sumption which does not lead to any contradiction.

Appendix II

In this appendix we prove the following statements:

a) > Py(@i) ta(@r... xn) = O T D, Pu(@i) yy, (1) ... Yo, (@n) |@)
i 31 %n i
b) Z My (2f) T (21 ... 20) = (O TZ My () 9y (1) ... Py, (20) [@) .
For the proof of a) it is sufficient to consider only Z Po(x;)) = —1¢ Z 0o (@;) because the other components

i
are not affected by the time ordering. We have:

D@)p (— )20, —ty,) ... O, , —t,) O]y, (1) - - Pus, (%2,) @D
i AMoviln

=p> (— 1)2<0| yay (x3,) - wu,xm@zco (@) Oy, — t3,) ... O, , — t3,) (IL.1)

AMaeiln

F O TS o) ) - ) [

Obviously Z Qo (7) pz (—1)?2O(t;, —t,,)...0(;, , —t;) vanishes for any permutation, therefore
i Aeiidn
statement a) is valid.
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The proof of b) reduces to the proof of
> at, 80(x1) O] T g, (1) - .. o (@) |@) = O] T D @, 0 (1) Yy (%1) - - - Yo, (@) |@) (I1.2)
because the other parts of Z M, (2;) are not affected by the time ordering. To prove (II.2) we start with

the relation

0oty Tay...xnx = Txl...:z;,,x—i—z (—Dré(x—ay) Tay...r—1 Xr41--.
r=1

Tn (IL.3)

(see 9, (ITL.8), where we have used the abbreviation

Tar...¢p:= Ty, (®1) ... P, (Tn) .
From the antisymmetry of the T'-product and (I1.3) follows:

n

n
Zx;ao(xi) Txr...xn = Z (— 1)"_':1::‘ Qo(x;) Ty ... %4-1 Xi+1 ... Tn T4
i=1 i=1

=T inao(xi)xl ves®p
n i—2
+ (= 1)rtaly [ > (— 1) 8 — xp) Tar... 41 &re1 ... i1 Tiv1 ... 2 (I14)
i=1 r=1
+ (—— l)t_l 6(1‘1 = 1‘1_1) Txl oo Xf—2%§+1 .- Ty + (—-— l)i 6(xl = .l‘i+1) T.’l?l e e Xi—1%§4+2 ... T

n
+ Z (=10 —2p) T21... i1 Tit1 - - -1 Tp41 --- Tn] -
r=i+2
Now we observe

n n
Z (— 1)n+1 x;é(xi —xi-1)Txy ... 00 2%441 ... 0 + z (—1)» xf‘d(xt —xir1) Ty ... - 1%i42 ... Tp (I1.5)
& i=1

n n—1
= z (— 1)""'11}:‘6(1‘5 — xj-1) Txy...x-—2%+1...%n + z (—1)» xj‘é(xi — X)) Txy ... -1 %542 ... Tp
=2 =1

= Z (— 1)"+1xf‘+1 O(@ip1 — ) T2y ... Xi—1%442... %0 + Z (— 1)”1‘5‘6(1‘( —xi1) Txy ... 2-1 %442 ... 2p=0
i=1 =1

n i—2
Z(—— 1)"_1.%':"[2 (— 1)’6(xi — )Ty ... Xp1%pt1 ... Ti1 %41 ... T

i=1 r=1
+ (=)@ — ) Tar... o1 @441 ... Tp-1Tp41 - .. Tn)
r=i+2
n 1—2
=>(— 1) > (— 1) d(xs — 2r) Ta1... Tp—1p41 ... T4-1 %441 - .- Tn
1=3 r=1
n .
- Z Z (— 1)ntr—i-1 x}‘ O —ay) Ty ... 1%441 ... X1 Xr41 ... Tp
i=1 r=i+2
n—2 .
(— 1)n—itrgt §(x; — ) Ty ... Xj—1Ti41 ... -1 Xr41 ... Tpn + second term 11.6
“

2

LiMv
i
M= 1M

el

(—— 1yn=r+igh §(x; — ) T @1 ... Xi-1%441 ... Tr—1%r+1 ... Tn + second term = 0.
=1 r=t+2

Therefore statement b) holds too.



